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NOMENCLATURE

A extensional stiffness matrix (for composite plate theory)
A total cross-sectional area

Ay cross-sectional area for region 1

A, cross-sectional area for region 2

Ay cross-sectional area for region 3

A, cross-sectional area for the cementitious region

Afiper cross-sectional area of the fiber

A, cross-sectional area for the graphite-reinforced region
A atrix cross-sectional area for the matrix region

Ayam cross-sectional area for one graphite yarn

a dimension

B coupling stiffness matrix

b dimension

C dimension

¢ distance from centroid to the outer surface of the material
D bending stiffness matrix

d dimension

d, incremental thickness

E Young’s modulus (general term)

E, low Young’s modulus

E, high Young’s modulus

E il axial Young’s modulus

E composite composite Young’s modulus
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NOMENCLATURE (Continued)

E effective Young’s modulus

effective
Etper Young’s modulus for the fiber
E arix Young’s modulus for the matrix
E\ ansverse transverse Young’s modulus
E, Young’s modulus for the x direction
E, Young’s modulus for the y direction
G shear modulus
G shear modulus for the 1-2 direction
Giiber shear modulus for fiber
G atrix shear modulus for matrix
ny shear modulus for the x-y direction
h dimension
h,. center of the top section
h, center of the graphite-reinforced section
1 moment of inertia (general term)
I, moment of inertia for cementitious section
I total moment of inertia for cementitious section with respect to composite beam
I, moment of inertia for graphite-reinforced section
Iy joal moment of inertia for reinforced section with respect to composite beam
Lioial total moment of inertia for composite beam
I, moment of inertia for x direction
i counting increment
K curvature of a plane curve
K, rate of change of the curvature in x direction
K, rate of change of the curvature in y direction
k refers to layers in laminated plate
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NOMENCLATURE (Continued)

L original length

Lipor fiber material length

L atrix matrix material length

M moment

N, force in x direction

N o shear load

N y force in y direction

Nyam number of yarns

n number of layers in the plate
0 initial or midplane

P force or load

Priver force in fiber material

P atrix force in matrix material

0 stiffness matrix

0, stiffness matrix

0 transformed stiffness matrix
Qn transformed stiffness matrix for layer n
R Reuter’s matrix

S compliance matrix

S, compliance matrix for layer n
T transformation matrix

T-! inverse of the transformation matrix
T, transformation for layer n

t thickness

Iy lamina thickness of layer &

XV



Viiber

matrix

X0

Ybar

yE
Yeal

Yfem

Y max

Ytest

z'*

2k

NOMENCLATURE (Continued)

displacement in x direction

load matrix when solving for composite properties
volume fraction for fiber

volume fraction for matrix
displacement in y direction

dimension, gauge width

dimension width

width of the cementitious (matrix) section
width of the graphite-reinforced section
centroid of beam

dimension

initial x dimension

centroid location

direction

dimension

centroid location, weighted section
calculated deflection

deflection from finite element model
centroid graphite section

maximum deflection of beam

actual deflection of beam during test
center of the lamina

dimension

dimension

distance from the lamina midplane to the center of the kth layer

xvi



A

CITor

A

shear deflection

Aw
AWiper
Aw
B

matrix

E

axial
Efiber
matrix
matrix;

8trans

NOMENCLATURE (Continued)

width of composite beam

shear strain, shear deformation
midplane shear strain

shear for in the 1-2 coordinate system
shear in the reinforcement fiber
shear in the matrix material
maximum value of shear strain
shear strain in the x-y coordinate system
change in

error

error

total transverse deflection

fiber deflection

matrix deflection

deflection

strain (general term)
midsurface strain

strain in direction 1

strain in direction 2

tensorial strain

strain in fiber

strain in fiber

strain in matrix

strain in matrix

strain in transverse direction

strain in x direction

Xvil



Vi

Vcomposite

Vtiber

Vmatrix

Viy

Prtiber

p matrix

sy

NOMENCLATURE (Continued)

strain in y direction

elastic modulus ratio, transform section ratio, Young’s modulus ratio
slope of a beam in bending (for beam equations)
ply angle (for composite plate equations)
Poisson’s ratio for direction 1-2

Poisson’s ratio for composite

Poisson’s ratio for the fiber

Poisson’s ratio for the matrix

Poisson’s ratio in xy direction

density of the fiber

density of the matrix

stress

stress in 1 direction

stress in 2 direction

fiber stress

matrix stress

stress in x direction

stress in y direction

stress in z direction

shear stress

strain valued calculated from least-squares method
ply angle

measure of reinforcement

xviil



TECHNICAL MEMORANDUM

ANALYSIS OF GRAPHITE-REINFORCED CEMENTITIOUS COMPOSITES

1. THE PROBLEM

1.1 Introduction

In research on composite beams, Biszick! noted that the transform section method did not
accurately predict the behavior of the test articles being considered. Biszick documented that a highly
efficient structure; i.e., weight and strain energy, could be developed using a matrix with a very low
Young’s modulus (E;) and reinforcement with a very high Young’s modulus (E,). These test articles
were cementitious beams reinforced with a graphite mesh. The graphite mesh was used in the same way
as steel mesh in conventional reinforced concrete; i.e., the reinforcement reacts on the tensile loads,
while the concrete reacts on the compressive loads. Significant differences should be noted between a
graphite mesh and a similar steel mesh. First, the graphite mesh has no bending or compression stiffness.
The mesh drapes, if not supported, and does not resist a compressive force; i.e., cloth. Second, the
graphite appears to be saturated by the cement (matrix), such that an adhesive bond forms between the
cement and graphite. The cementitious mix used in the test articles was also unique and exhibited ductile
properties. Biszick’s research showed conclusively that maintaining a high elastic modulus ratio (1)),
re., Egp o /E s DEfWeen the matrix and the reinforcement results in efficient composite structures. It
follows then, to fully utilize this discovery, the analytical methods must be understood and developed.

This Technical Memorandum (TM) investigates the analytical methods for the analysis of
graphite-reinforced cementitious composites where high 1’s are employed. A sample problem will
demonstrate the transform section method of analysis. A finite element model will then be developed
and the results compared to the transform section method of analysis. The errors associated with the
transform section method and high 17°s will be demonstrated. Alternative methods of analysis will then
be investigated. The rule of mixtures>* will be applied to a graphite-reinforced cementitious composite
to calculate effective material properties. These properties will be introduced into the transform section
method and the results compared to finite element methods and beam testing. Laminated composite plate
theory will then be discussed and applied to the graphite-reinforced cementitious composite. It will be
shown that laminated plate theory for composites can successfully be applied to this type of composite.
Extensive experimentation is used to develop the material properties used in the laminated plate theory.
Graphite-reinforced cementitious composite beams are analyzed using classical composite methods and
compared to finite element methods and experimental results.



1.2 Problem Statement

Section 1.2 illustrates a problem with the analysis of a composite beam that has a high elastic
modulus ratio. First, the expression for the moment of inertia (/) is derived in terms of 1. The moment
of inertia is then used to calculate the deflection of a beam subjected to pure bending. The deflection of
the beam is calculated as 1 ranges from 1 to 1,000. The analysis is then repeated using a finite element
model. The conclusion is made that the transform section method of analysis is not accurate for 1 > 20.

1.3 Composite Beam
Figure 1 illustrates a beam composed of two different materials. Since the beam is subjected to
boundary conditions and loads to produce pure bending between the supports (fig. 2), the transform

section property method may be used to determine the deflection in the beam for each of the load cases
described in table 1. These results can be compared to those obtained from a finite element model.?

0.25in. 3 _f

0.5n. E, 1in.

0.25in. E i
|<— 0.25 in.—>|

Figure 1. Beam cross section.

Force Force

-t 10 in.

Y

Figure 2. Beam in pure bending.



Table 1. Loads and deflections for transform section method.

Case E E n Flange I Deflection
1 3.00E+07 | 3.00E+07 1 0.347 | 0.0289 | 9.22722E-03
2 1.50E+07 | 3.00E+07 2 0.694 | 0.0542 | 9.84010E-03
3 7.50E+06 | 3.00E+07 4 1.388 | 0.1048 | 1.01781E-02
4 3.00E+06 | 3.00E+07 10 3470 | 0.2566 | 1.03923E-02
5 2.14E+06 | 3.00E+07 14 4.858 | 0.3578 | 1.04341E-02
6 1.50E+06 | 3.00E+07 20 6.940 | 0.5097 | 1.04657E-02
7 1.00E+06 | 3.00E+07 30 | 10410 | 0.7627 | 1.04904E-02
8 7.50E+05 | 3.00E+07 40 | 13.880 | 1.0157 | 1.05028E-02

9 3.75E+05 | 3.00E+07 80 | 27760 | 2.0278 | 1.05215E-02
10 3.00E+05 | 3.00E+07 100 | 34700 | 2.5338 | 1.05252E-02
11 2.50E+05 | 3.00E+07 120 | 41.640 | 3.0399 | 1.05277E-02
12 1.50E+05 | 3.00E+07 200 | 69.400 | 5.0640 | 1.05327E-02
13 1.36E+05 | 3.00E+07 220 | 76.340 | 5.5701 | 1.05334E-02
14 1.00E+05 | 3.00E+07 | 300 | 104100 | 7.5942 | 1.05352E-02
15 7.50E+04 | 3.00E+07 | 400 | 138.800 | 10.1244 | 1.05364E-02
16 6.00E+04 | 3.00E+07 500 | 173.500 | 12.6547 | 1.05372E-02
17 5.00E+04 | 3.00E+07 600 | 208.200 | 15.1849 | 1.05377E-02
18 3.00E+04 | 3.00E+07 | 1,000 | 347.000 | 25.3057 | 1.05387E-02

1.4 Analysis Using the Transform Section Method

The equation for the deflection (y,,,,) of a beam (fig. 3) in pure bending can be derived using
the elastic curve equations and the boundary conditions:
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_Pax ;. (1)
Ymax 2E1]( )
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Figure 3. Free-body diagram.



The effective value of the moment of inertia can be calculated using the transform section
method;® A; and A5 are made from a material with properties of E,. A, is made from a material with
properties of E. The original cross section of the beam (fig. 4) is modified per the transform section
method. The moment of inertia is then calculated from the new geometry and summarized below:

« Material properties of the composite beam: E; =360 x 103 1bf/in.2, E, = 30 x 10° 1bf/in.?

* Transform section ratio: 1= E,/E|, n=283.33

+ Width of the composite beam: f=0.347 in.

 Moment of inertia calculation:

_ 05 » _ 025 4 _ —0.25 »
I=f B dy L=[  Bdy =" y*nBdy
=3.645x107°nB =1.0416 1072 =3.645x107%np
I, =1.045in* I, =0.004 in.* I;=1.045in*
I=I+1)+1; [ =2112in*
I nxp i
X
A
—> -3
E
AS E3

Figure 4. Transform section geometry.

It should be noted that the middle section of the beam (A,) is independent of 7). As 7 increases,
section A, becomes insignificant. The expression for / can be written in terms of 1 as follows:



1=3.645x1072nB +1.0416 x 1072 + 3.645x 1072

1=729x10"2nB +1.0416x10728 . (2)

Let §=0.347 in., then

1=253x1021+3.6x1073 in# ()

Now this expression can be substituted into the elastic curve equation:

Pax (é) . (4)

Ymax =35 (0002537 +0.0036)\ 2
E
Since N = E_f ,
y 3 Pax (é) (5)
M2, (0.00253(E, /Ey ) +0.0036)\2)
so that

_ Pax (é) (6)
Ymax = 0,0506E, +0.0072E,12) °

Equation (6) is used in a Microsoft® Excel spreadsheet to calculate the deflection for each case.
As shown in table 1, E, remains constant while E| decreases. As the Young’s modulus ratio (1)
increases from 1 to 1,000, the deflection value increases to 0.015 in. and then becomes essentially
constant.

1.5 Analysis Using the Finite Element Method

A finite element model of the beam was generated using th